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Second-order nonlocal shifts of scattered wave-packets: What can be measured by
Goos-Hanchen and Imbert-Fedorov effects 7

Klaus Morawetz'2,
! Miinster University of Applied Sciences, Stegerwaldstrasse 39, 48565 Steinfurt, Germany and
2 International Institute of Physics- UFRN, Campus Universitdrio Lagoa nova, 59078-970 Natal, Brazil

The scattering of wavepackets with arbitrary energy dispersion on surfaces has been analyzed.
Expanding up to second order in scattering shifts, it is found that besides the known Goos-Hénchen
or Imbert-Fedorov spatial offset, as well as the Wigner delay time, new momentum and frequency
shifts appear. Furthermore, the width of the scattered wave packet becomes modified as well, which
can lead to a shrinking of pulses by multiple scattering. For a model of dielectric material char-
acterized by a longitudinal and transverse dielectric function the shifts are calculated analytically.
From the Goos-Héanchen and Imbert-Fedorov shifts one can access the longitudinal and transversal
dielectric function. Perfectly aligned crystal symmetry axes with respect to scattering beam shows
no Imbert-Fedorov effect. It is found that the Goos-Héanchen and Imbert-Fedorov effect are absent
for homogeneous materials. Oppositely it is found that the Wigner delay time and the shrinking of
the temporal pulse width allows to access the dielectric function independent on the beam geometry.

I. INTRODUCTION AND RESULTS

Since the experiments of Goos and Hénchen, it has
been known that a wave packet or a beam of light suffers
a nonlocal shift when reflecting from surfaces [1]. The
shift in the focal plane is called the Goos-Héanchen effect,
and the shift out of the plane is called the Imbert-Fedorov
effect [2]. For an overview, see [3, 4]. Both deviations
from geometrical optics predictions can be distinguished
and depend on the shape of the incident beam, its po-
larization, and the material composition of the reflecting
surface [5]. Treatments consider beam shifts for pairs of
plane waves [6] or show that a classical spinning pho-
ton yields an ’exotic particle’ on a curved surface [7].
Experimentally, it was shown that the degree of spatial
coherence influences the angular beam shifts, while the
spatial beam shifts are unaffected [8]. The effect of beams
with orbital angular momentum was clarified in [9, 10].
Connected with these effects are the spin separations of
light for femtosecond laser pulses due to the spin-Hall
effect [11]. As special forms of beams rotating elliptical
Gaussian [12] or Airy beams [13] are used. Airy vortex
and Airy vector beams are created by modulation of dy-
namic and geometric phases [14]. Circular Airy vortex
beams can be created in the terahertz regime [15]. Large
spatial shifts of a reflected Airy beam on the surface of
hyperbolic crystals were found [16]. Reflection and trans-
mission of an Airy beam impinging on a dielectric surface
has been investigated in [17]. Other applications of these
shifts consider graphene [18, 19] or optical vortex beams
[20]. The effect of an independent quantum degree of
freedom on the barycenter of a diffraction-free light beam
was calculated in [21].

The theoretical basis of these shifts is the energy
and/or momentum dispersion of the wavepacket or beam.
This results in nonlocal shifts when wavepackets are scat-
tered from a surface [22]. Quite frequently the treat-
ment averages over the Fresnel coefficients [12, 23] or uses
the transmission coeflicients [24, 25]. There exist various

other schemes to describe such shifts ranging from aver-
aging over the center of mass of field energy density [26]
to averaging over the incoming and outgoing fields [27],
analogously to quantum expectation values [28]. A com-
plete quantum kinetic theory, including nonlocal shifts,
can be found in [29-31]. All quantum effects of scattering
can be recast in a set of nonlocal spatial, temporal, mo-
mentum, and energy shifts. This results in contributions
to the thermodynamic variables due to binary correla-
tions [32].

In this letter, we consider the various offsets by ex-
panding up to second order in various dispersions. The
formalism can be applied to any surface, be it metals,
molecules, dielectric, or other materials with any disper-
sion w(k) of beams. We assume simply that the scatter-
ing is described by a proper scattering amplitude and will
show that an incident wave packet scattered at a surface
becomes modified by six effects. These effects can be ex-
pressed as nonlocal shifts in terms of derivatives of the
scattering amplitude
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One needs simply derivatives with respect to energy
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As a result, the scattered wavepacket with velocity v, =
8kwk

1. becomes delayed by the Wigner delay time A.



2. obtains a spatial offset A,, which includes the
Goos-Héanchen

ACH = A, +tandpA, (5)
and Imbert-Fedorov effects
Al = Ay (6)
for light if the incident angle to the z-axes is vy.
3. suffers a shift of momentum
K =k — 02(¢, — vicy)
with the momentum width of the wavepacket o.

4. experiences a change in the temporal width of the
packet by
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5. shows a frequency shift of
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6. gets a modified momentum width
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with the second-order derivative of dispersion I' =
8k2wk.
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For elastic impurity scattering, the modulus | f| is con-
stant, and effects 3, 4, and 5 are not present. Effects
1 and 2 are independent on the form of the beam or
wavepacket.

In the following chapter we give a derivation of these
results and calculate the shifts for a model of light scat-
tering at a dielectric material in chapter III.

II. SCATTERING OF A WAVE PACKET ON A
SURFACE

We consider a three-dimensional incident wave packet

d3pdw i -r—i(pfk) —iwt— T (w—wp)?
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with any disperion w, which scatters at a surface with
the scattering amplitude f(®,w)
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where the outgoing momenta p interchanges the sign of
the z-component according to the reflection at a surface
z = 0. Since we have p-r = T - p we work with T in

out r, k t)

the following. Since the wavepacket is sharply peaked
around p ~ k and w ~ w, we expand in two steps. First
we expand the energy up to second order
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where we rewrote the Taylor expansion as exponential
leading to the energy derivative of the shift ¢ for the
second order term. The appearing shifts have to be ex-
panded around p ~ k to provide

6(p) = 6(k)+(p—k)-0xd
= (k) + (p— k) - vip0,, 0 + %(p —k)- 8940
0.,0(p) = 0., 0(k) (11)
up to second order. Here we used
Ak = ey + %aw = V0O, + %aw. (12)

In the second step we expand the scattering amplitude

f(p ) P e T
p

With the shifts introduced in (2) and (3) we have

% = vid— & (14)

and a helpful relation between the second derivatives
009,30 = —8, — VLO... (15)

In the following we abbreviate ¢’ = 9,,,0. Now we calcu-
late
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term by term. The first one leads to
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with T' = 9 %wy. The second one
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Here we used k(9¢,¢)i(er); = (eg)i(eq); +(e4)i(es); and
the relation (15) in the first step. The third term reads
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The only problematic term is the last one. Due to (3)
the spatial shifts have only two orbital components §, =
€pdrp + €40,y and we obtain

1 1 Oysf _
by . (1. 220)

1
7 <p§605r9 + 2popy

1 (p - vi)?
= —% (p2 — T 896T9 (20)

Oodro 2a¢5,,.¢,)

sin @ ? gin 62

since we can rotate the coordinates of p-integration such
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that ps = 0 and can express pg? = p?
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Collecting all four terms together we obtain
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Now we can calculate the w— and p—integration in (9).
For that purpose we shift w—w, — w and p—k — p. This
produces an exponential factor iw,t which we expand up
to second order as well

T
wp=wi+(P-k) Vit (p-kPG.  (22)
The factor for the w integration reads then
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which Gaussian integral is readily integrated. Separating
the time-dependence from the p-dependence we obtain
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We see that the width of the time-dependent pulse be-

comes modified by ¢’. Working it out for real and imag-
inary parts according to (2) it becomes
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Besides an overall complex phase shift due to renormal-
ization we see that the time evolution is delayed by A,
the width is modified by 52 = 02 — ¢’, and the frequency
obtains a shift /52 which establishes the results 1,4, and
5.

To calculate (24) we can facilitate the algebra restrict-
ing to linear orders in the shifts in the sense of (26). This
omits the (pd)? term in (24) and we have

d3p o N e%f-A’li
P TH(P-AP) (27)
(2m)? (27)3/2/2[A]

with the matrix
A=b+vpy®ec. (28)

The inverse and the determinant can be found
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proved by inspection. The scalar products with (25) can
be worked out somewhat tediously and with linear orders
in the shift according to (26) we can finally write
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with the modified momentum width

1:1+WUW+¢<A" kva+1“t>. (31)

o2 o2 k




The latter one can be separated into real and imaginary
parts in the same way as done for the time width. The
second-order dispersion I of (22) leads to a broadening of
the pulse with increasing time as it is well known. This
width of the spatial wave-packet becomes modified by
real and imaginary parts of the scattering shifts which
yields the effect 6. As new effects 3 and 5 we see that the
momentum and frequency are shifted according to

K = k- o(p, - ovi)

Wi = w — (P, — PVL) - Vi (32)

That the latter one appears exactly as the first-order
expansion of the frequency in terms of the shifted mo-
mentum is a check of internal consistency of the ex-
pansion. As an additional justification, one sees that
the delay time appears consistently in the time of the
wavepacket and in the traveling spatial wavepacket. So
far we have derived the modification of wave packets
valid for an arbitrary dispersion wy = w(k). In the next
chapter we will calculate these shifts for light scattering
w = ck and a model of scattering on a dielectric material.

III. MODEL OF LIGHT SCATTERING ON
DIELECTRIC MATERIALS

We consider a dielectric material which is characterized
by a longitudinal € (w, k) = €, and transverse e (w, k) =
€z = €, dielectric function such that the dielectric tensor
reads

£ = a?z:l agl diag{ey, €y, €2 J g, v, (33)

where 6; is the rotation around y-axes and ¢; the rota-
tion around the z-axes out of the symmetry axes of the
crystal. We keep for general case three different e for
the different directions. A scattering of electromagnetic
waves can be described by the scattering amplitude [33]
up to momentum and energy-independent constants

f~e-c e, (34)

Here the direction of the incoming wave with wavevector
k is chosen as e = (sin6,0,cosf) and the direction e,
of the scattered wave has an opposite z-direction. We
will calculate any further shifts by derivatives of this ex-
pression and will average about the Gaussian profile of
the beam. This integration is to be performed about the
upper half plane (z > 0) as possible incoming directions.
We can average about the total space if we extend the
expression (34) by e, — e such that finally we will cal-
culate

= <a ln(e EF e)>GauB (35)

First we consider the spatial shifts (3) by performing
the angular derivatives (4) with (34). We consider dielec-
tric functions ¢ ;(wg, k) = €,1(wg) with w, = ck which

means that the derivatives on the dielectric functions it-
self vanishes

%ag,(ﬁe — (6Dy — By )e(wn) = cOue (1; - e> — 0. (36)

Therefore only the derivatives with respect to the direc-
tion factors e in (34) matters. This would be different
for dielectric functions with explicit momentum depen-
dencies. Since k = ke we use

e
(eeag + ﬁ&ﬁ) b-e = (eg . b)eg + (e¢ . b)e¢
b—(b-e)e (37)

with b = e - ¢ to obtain a material-dependent and a
material-independent part
k-e+e-k k
0=——m—— +2— =
Koek R
Since we consider a Gaussian beam around the mean mo-
mentum

41+ do. (38)

ko = ko(sindo, 0, cos ¥p) (39)

and a momentum spreading of o we have to average
about this Gaussian beam. In the second part of (38)
we scale the momenta xg = ko/v/20 and k = k/v/20 and
obtain
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Here we used the complex error function
erfilz) = —icrf(ix) and the Dawson integral
D(z) = exp(—2?) fo dyexp(y?). This second part

of the spatial shift is independent on the material and
purely real. It follows the beam direction (39) and
gives a contribution to the Goos-Hénchen effect exclu-
sively by the beam shape and no contribution to the
Imbert-Fedorov effect. As a check we see that the limit
of vanishing momentum width ¢ — 0 appears correctly
which means zy — 0o corresponding to averaging about
the §(k — ko) function.

For the first and material-dependent part of (38) we
perform a partial integration

A3k _
(01) = —@U/We

(k—kq)?

Intk-e-k) (41)



and understand the derivative not concerning e accord-
ing to (36). For the logarithm we use the trick Inc =
Iy dé[exp(—¢) — exp(—c€)] /¢ such that we obtain

k2

3 Tde Bk e ean M
(01) = Ope” 27 /?/(zmﬁ)ﬁ‘vzekp R Ch)
0

with p = ko/0?, A = bl +2¢¢ and b = 1/02. We further
approximate (k) =~ e(kp) and can apply the formula
(27). For that purpose we need

1
A7t = T
b
. —28e, —2fe, —2€e,
T T y
+ag, oy diag{ Dertb 2ee, 1D Q&Z_H)}ozolam
Al = (26ex +b)(26ey +b)(2€e. + ) (43)

which is easily seen from (33). With the substitution
202¢ = z and the abbreviations

a = sinYq cos 01 cos ¢1 — cos Vg sin 61

b= —sin 190 sin 91
¢ = sin g sin 67 cos ¢1 + cos Vg cos b1 (44)
we obtain
1
(61) = W [€10; +€g,0q+€p,0pb] I(a,b,c) (45)
0
with
2 [zﬁsw 2b2cy | zc2e,
o0 TEO | Treps T ey s T ires
(46)

b= / e Tre e,

. . ke
the spherical unit vectors ey, e, €y,, and 2o = 5.

From the prefactors (44) we see already that for sym-
metrically oriented probes with #; = 0 as well as per-
pendicular beams ¥y = 0 the Imbert-Fedorov shift disap-
pears.

Just for illustrative purpose let us discuss the case of
homogeneous materials € = ¢, = ¢; . Then we have a® +
b2 4+ c? = 1 and the prefactor in (45) becomes

k
=% = (sin o, 0, cos Yo)

" (47)

eict+ega+eyb=

which means that Imbert-Fedorov effect is absent. Scal-
ing ze — € the first part becomes independent on the
material

oo

21{0 2/ dz e_xgli
I — _— z
RN RS P
0

2k0 |: D(l‘o):|
——5 1—
kO To

oh) =

(48)
which exactly compensates the second part (40) such that
the total spatial shift vanishes

(8,) =0 (49)

FIG. 1. The Goos-Hénchen shift versus width of wavenumbers
for a plasma frequency hAw, = 5.8eV of Au and the ratio of
transverse to longitudinal relaxation times. The transverse
relaxation time was chosen as 7 = 20fs.
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FIG. 2. The Wigner delay time (above) and the real part
(below) for at width of ¢ = h/30nm and various relaxation
times.
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and no Goos-Hahnchen or Imbert-Fedorov shift appears
for homogeneous dielectric materials.

For demonstration we assume € = (¢, — 1)/(e; — 1).
Then we can directly calculated the Gaussian-averaged
Goos-Hénchen (5) and Imbert-Fedorov shifts (6)

ASHN /[ /sin 6 cos? 6 cos p—sin® 0 2(e—1)
AF )~ sin § cos? 6 sin ¢ k(sin® 0+¢ cos? )
(50)

which shows that the Imbert-Fedorov shift vanishes due

)



to averaging about sin ¢ and the Goos-Hénchen shift be-
comes with the notation of (40), z = cos#, and t = 2

0o 1
_ 1— 3/2 22
AGH - _VZe— o) _“()/dke_k /dx( v -
1+ (e —1)a?
0 —1
_ 3/2 tx?
2(e-1) s2er? /dtu £)2etet -
k‘o 1 + (6 — 1)t
0
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FIG. 3. The ratio of the reduced temporal width effect 4 vs.

wavelength width (above) for A = 770nm and vs. wavelength
(below) for AX = 100nm.

We choose as an example a simple Drude model in the
following

w2

e =1—-——2 — 52
with a plasma frequency for Au of fiw, = 5.8eV [34]
and different relaxation times in longitudinal j = [ and
transverse j = t direction. The result is plotted in fig-
ure 1. We assume different relaxation times in longitu-
dinal and transverse direction. It vanishes quadratically
with zg = ko/aﬂ and in the homogeneous limit 7 = 7;.
For 7, > 7; the sign of the shift is changed.

Next we discuss the time shifts (2) which are calculated
analogously

0y = +iA =09,1(a,b,c) = (O,Ine-el -e) = —

where the last expression is valid for homogeneous mate-
rials. It shows that the geometry of the Gaussian beam
drops out due to the logarithmic derivative of scatter-
ing amplitude (34) for homogeneous dielectric materials.
Therefore measuring the time delay A (effect 1) and the
shrinking of the temporal width of the pulse 9,,¢ (effect
4) one has the possibility to access the dielectric function
of the material directly.

The behaviour of the time shifts an be seen by the
derivatives of the dielectric function (52)

Re due ngz (2r%w? (w? — %2)) — wg)
¢ = Re ==
€ w(T?w? 4+ 1) (72 (w2 — wg)z + w2)
~ waj 240.14f?quwf)er;1 . 1\?
wi—ww? P 128 (w2—w2)3
2.3 2

A:Im%z pr( 3w)— wyT

€ (Tw?+1) (7’ (w? — wg) + w2)

3
1
) <> (54)
T
presented in figure 2. One sees that Wigner’s delay time
changes the sign for

s  wh—3w?
~w

P w2 (w2 - wg)Q

2
wi = % <wp7' - on;T) (55)
which means for 7 > 1. The real part changes sign at
2 ; 2
Wy 1+ (1 + “’%7'2> (56)

for any 7. For large relaxation times the shifts develop a
pole at the plasma frequency.

The shrinking of the temporal width is given by the
frequency derivative of the real part J,¢ according to
effect 4 and is shown in figure 3. It leads to a maximum at
the plasma frequency for large relaxation times. Further
it shows a zero at certain wavelength or frequencies

2 2_6 2
Red, (6 ) O e e
‘ w? (W —wp)

+20w6—17w4w§+12w2w§—3w2. . (1)3

4
2.2, ,4 2__ 2 T
pr w (w (JJp

(57)

One sees that the real part ¢(w) has an extreme value
at w = wp/ V3 corresponding to a zero at the shift of
temporal width d,,¢ for large 7. We see in figure 3 that
the effect 4 of the shrinking of the temporal width of the
wave packet is dependent on the wavelength and width.
Though is seems to be very small it should be noted that
it is proportional to the square of the inverse plasma fre-
quency. A reduced plasma frequency leads to a quadratic
enhancement of effect 4.



IVv. SUMMARY

By expanding the scattered wavepacket up to second
order, we obtain six different effects that can be expressed
by scattering shifts. These shifts are derivatives of the
scattering amplitude with respect to energy and momen-
tum. Their imaginary parts, as derivatives of the scat-
tering phase, determine the Wigner delay time and the
spatial displacements known as Goos-Hénchen or Imbert-
Fedorov effects in optics. The real parts, as derivatives
of the modulus of the scattering amplitude, yield energy
and momentum shifts as well as a shrinking of the pulse
width.

The shifts are calculated analytically for a materials
described by longitudinal and transverse dielectric func-

tion. It is found that the Imbert-Fedorov effect is absent
for homogeneous materials or perfectly aligned crystal
axes to the scattering plane. For homogeneous material
the Wigner time delay and the shrinking of the tempo-
ral width as the frequency derivative of the Wigner delay
time can directly access the dielectric function of the ma-
terial. This could be a suggestion for experiments.
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